For the quantum integer [n]q = 1+q +q 2 +· · ·+q n−1 there is a natural polynomial multiplication such that [mn]
∞
n=1 of polynomials such that fn(0) = 1 for all n. If F = {fn(q)} ∞ n=1 is a solution of the functional equation, then there exists a formal power series F (q) such that the sequence {fn(q)} ∞ n=1 converges to F (q). Quantum mulitplication suggests the functional equation
where f (q) is a fixed polynomial or formal power series with constant term f (0) = 1, and F (q) = 1 + ∞ k=1 b k q k is a formal power series. It is proved that this functional equation has a unique solution F (q) for every polynomial or formal power series f (q). If the degree of f (q) is at most m − 1, then there is an explicit formula for the coefficients b k of F (q) in terms of the coefficients of f (q) and the m-adic representation of k.
The paper also contains a review of convergence properties of formal power series with coefficients in an arbitrary field or integeral domain.
Let N= {1, 2, 3, . . .} denote the set of positive integers and N 0 = N ∪ {0} the set of nonnegative integers. For n ∈ N, the polynomial
[n] q = 1 + q + q 2 + · · · + q Let F = {f n (q)} ∞ n=1 be a sequence of polynomials with coefficients in a field. We define a multiplication operation on the polynomials in F by f m (q) ⊗ q f n (q) = f m (q)f n (q m ).
If f n (q) = [n] q is the n-th quantum integer, then 
This is called the functional equation for quantum multiplication.
Many other sequences of polynomials also satisfy this functional equation. For example, for every positive integer t, the sequence of polynomials {q t(n−1) } ∞ n=1
satisfies (1) .
Problem 1 Determine all sequences of polynomials F = {f n (q)} ∞ n=1 that satisfy the functional equation
The sequence of F = {f n (q)} ∞ n=1 is called nonzero if f n (q) = 0 for some integer n. The functional equation implies that
and so f 1 (q) = 0 or 1. If f 1 (q) = 0, then f n (q) = f 1·n (q) = f 1 (q)f n (q) = 0 for all n ∈ N. Therefore, a solution F = {f n (q)} ∞ n=1 of (1) is nonzero if and only if f 1 (q) = 1.
The support of F is the set supp(F ) = {n ∈ N : f n (q) = 0}.
If a nonzero sequence of polynomials F = {f n (q)} ∞ n=1 is a solution of the functional equation (1) , then supp(F ) is a multiplicative subsemigroup of the positive integers. Nathanson [1] proved that supp(F ) is a semigroup of the form S(P ), where P is a set of prime numbers and S(P ) is the semigroup of positive integers generated by P .
Every nonzero polynomial f (q) with coefficients in a field can be written uniquely in the form
where a = 0, v(f ) ∈ N 0 , and g(q) is a polynomial with constant term g(0) = 1.
be a nonzero sequence of polynomials that is a solution of the functional equation (1) . We represent each nonzero polynomial f n (q) in the form
where a(n) = 0, v(f n ) ∈ N 0 , and g n (0) = 1. We define g n (q) = 0 and a(n) = 0 for all n ∈ N 0 \ supp(F ). For all m, n ∈ supp(F ), we have
for all m, n ∈ supp(F ), and so a is a completely multiplicative arithmetic function on the semigroup supp(F ) with a(n) = 0 for all n ∈ supp(F ). Similarly,
and so
for all integers m and n in supp(F ). This implies that there exists a nonnegative rational number t such that
for all m, n ∈ supp(F ) \ {1}. Moreover,
for all n ∈ supp(F ). Finally, we see that
is also a solution of the functional equation for quantum multiplication with supp(G) = supp(F ), and g n (0) = 1 for all n ∈ supp(G). It follows that to solve Problem 1 it suffices to classify solutions F = {f n (q)} ∞ n=1 of (1) such that f n (0) = 1 for all n ∈ supp(F ). Let F = {f n (q)} ∞ n=1 be a solution of (1) . The operation ⊗ q is commutative on F since
for all positive integers m and n. Moreover,
and so deg(f m ) = t(m− 1) and deg(f n ) = t(n− 1) for some nonnegative rational number t. This suggests the following problem.
Problem 2 Let m and n be positive integers. For a fixed polynomial f m (q), determine all polynomials f n (q) that satisfy the functional equation
b j q j be polynomials of degrees t(m − 1) and t(n − 1), respectively, with constant terms a 0 = b 0 = 1. If f m (q) and f n (q) satisfy equation (3), then
Letting n tend to infinity, we obtain the functional equation
where
is a formal power series with constant term b 0 = 1. 
Problems 1 and 2 are unsolved. Problem 3, however, will be solved in Section 4, where we prove that for every polynomial f (q), and, more generally, for every formal power series f (q) with constant term f (0) = 1, there is a unique formal power series F (q) that is a solution of the functional equation
Moreover, we shall explicitly construct the coefficients of the formal power series F (q) when f (q) is a polynomial of degree at most m − 1.
Convergence of formal power series
We review here some elementary convergence properties of formal power series with coefficients in a ring.
The ring of formal powers series
A formal power series in the variable q with coefficients in a ring R is an expression of the form
where the coefficients a n are elements of R. The coefficient a 0 is called the constant term of the power series. We denote by R [[q] ] the set of all formal power series with coefficients in R. The sum and product of formal power series are defined, as usual, by
With these operations of addition and multiplication, R[[q]] is a ring.
In this paper we shall always assume that R is an integral domain. Then the ring of formal power series R[ [q] ] is also an integral domain.
A formal power series f (q) is invertible if there exists a formal power series
] is invertible, then there is a unique formal power series g(q) such that f (q)g(q) = 1. The inverse g(q) is denoted
] if and only if the coefficient a 0 is invertible in the ring R.
Proof. If the power series ∞ n=0 b n q n is the multiplicative inverse of f (q), then a 0 b 0 = 1 and so a 0 is invertible in R.
Conversely, suppose that a 0 is invertible in R. The formal power series
n is a solution of the equation f (q)g(q) = 1 if and only if the coefficients b n satisfy the identities
These conditions are equivalent to
We can now construct inductively the unique sequence {b n } ∞ n=1 of elements of the ring R such that g(q) = ∞ n=0 b n q n = f (q) −1 . This completes the proof.
Let f (q) = ∞ n=0 a n q n be a formal power series. We define the valuation
if a n = b n for n = 0, 1, . . . , N − 1. This is equivalent to the inequality v(f − g) ≥ N .
Theorem 2 Let R be an integral domain, and let
n=s a n q n and g(q) = ∞ n=t b n q n , where a s and b t are nonzero elements of the ring R. Then −a s = 0, and so v(−f ) = s. This proves (i).
Statement (ii) is a consequence of the identity
where c n ∈ R for n ≥ s + t + 1. Since R is an integral domain, it follows that a s b t = 0, and
To prove (iii) and (iv), we observe that if s = t, then
This proves (v).
We introduce a topology on the ring of formal power series as follows. Let
The sequence
if for every n ≥ 0 there exists an integer k 0 (n) such that a k,n = a n for all
is a formal power series for all
if for every n ≥ 0 there exists an integer k 0 (n) such that a k,n = a n for all k ∈ N d 0
We consider convergence in the case d = 2 in Theorem 9.
if and only if lim
Proof. This follows immediately from the definitions of the valuation v and convergence in the ring of formal power series.
Theorem 4 If
and lim
Proof. Statements (5) and (6) are straightforward verifications. To prove (7), let a k,0 and a 0 be the constant terms of the formal power series f k (q) and f (q), respectively, for all k ≥ 1. Since f k (q) is invertible, it follows that a k,0 is a unit in R. Since a 0 = a k,0 for all sufficiently large k, it follows that a 0 is a unit, and so f (q) is invertible by Theorem 1. Applying Theorem 2 to the identity
we obtain
k ) also tends to infinity and f k (q) −1 converges to f (q) −1 . This completes the proof.
Infinite series and infinite products
We define convergence of the infinite series 
is simply a finite sum of formal power series. If the sequence {s m (q)} ∞ m=0 converges to f (q) ∈ R[[q]], then we write that the infinite series converges to f (q), that is,
be a sequence of formal power series. The infinite series
Since this sum is constant for all sufficiently large m, it follows that the sequence {s m (q)} ∞ m=0 converges. Conversely, if lim k→∞ v(f k ) = ∞, then there exists a nonnegative integer n such that a k,n = 0 for infinitely many integers k. It follows that the sum (8) is not constant for sufficiently large m, and so the sequence {s m (q)} ∞ m=0 does not converge. This completes the proof.
Theorem 5 allows us to substitute one formal power series into another. Let f (q) and h(q) be formal power series with v(h) ≥ 1. If
then we define the composite function
Since v(a n h(q) n ) = v(a n ) + nv(h) ≥ n, it follows that the infinite series (9) converges. Moreover,
is a sequence of formal power series such that f k (q) has constant term a 0 for all k ≥ 1, and if {m k } ∞ k=1 is a sequence of nonnegative integers such that
In particular, for any formal power series f (q),
Proof. We have v(f k − a 0 ) ≥ 1 for all k ≥ 1. The convergence of (11) follows from (10) and the observation that
The convergence of (12) follows from Theorem 3.
be a sequence of ordered pairs of nonnegative integers such that every ordered pair (k, ℓ) occurs exactly once in the sequence. If the infinite series
converges, and
In particular,
Proof. By Theorem 5,
and so, for every N , there exists an integer j 0 = j 0 (N ) such that v(f k ) ≥ N and v(g ℓ ) ≥ N for all k > j 0 and ℓ > j 0 . There are only finitely many ordered pairs (k i , ℓ i ) with both k i ≤ j 0 and ℓ i ≤ j 0 , and so there is an integer i 0 = i 0 (N ) such that, for all i > i 0 , we have
By Theorem 5, the series (13) converges. Moreover, for m ≥ i 0 ,
and so v(f g − s m ) ≥ N and lim
By Theorem 3,
Identity (14) is a special case of this result.
We define convergence of the infinite product
of formal power series as follows. The m-th partial product
is simply a finite product of formal power series. If the sequence {p m (q)} ∞ m=1
converges to f (q) ∈ R[[q]], then we write that the infinite product converges to f (q), that is,
For example, from the unique representation of an integer as the sum of distinct powers of 2, we have
be a sequence of formal power series such that
and only if the infinite series
Proof. This follows immediately from the definition of convergence.
Change of variables in formal power series
The next result allows us to substitute variables in identities of formal power series. 
Proof. For every nonnegative integer N and formal power series
Since v(h ℓ ) ≥ 1 for all ℓ, it follows that v(h) ≥ 1, and so the formal power series g(h(q)) and g k (h ℓ (q)) are well-defined for all nonnegative integers k and ℓ. Since lim k→∞ g k (q) = g(q), there exists an integer k 0 (N ) such that
Similarly, since lim ℓ→∞ h ℓ (q) = h(q), there exists an integer ℓ 0 (N ) such that
Therefore, for k ≥ k 0 (N ) and ℓ ≥ ℓ 0 (N ) we have
This completes the proof.
Theorem 10 Let {g k (q)} ∞ k=1 be a sequence of formal power series in R[[q]] that converges to g(q) ∈ R[[q]], and let h(q) be a formal power series with
Proof. This follows from Theorem 9 with h ℓ (q) = h(q) for all ℓ ≥ 1.
Theorem 10 is often applied in the following form. 
Theorem 10 implies that
Theorem 12 Let {g k (q)} ∞ k=1 be a sequence of formal power series in R[[q]], and let h(q) be a formal power series with
Proof. Let
We must show that for every nonnegative integer n we have b k,n = b n for all sufficiently large k. The proof will be by induction on n. Let
The congruences
imply that b k,0 = b 0 for all sufficiently large k. Let N ≥ 1. Suppose there exists an integer k 0 (N ) such that, for k ≥ k 0 (N ) and 0 ≤ n ≤ N − 1, we have
it follows that for suffficiently large k we have
Theorem 13 Let R and S be rings, and let ϕ : R → S[[q]] be a ring homomorphism. Let v be the valuation in the formal power series ring
is a ring homomorphism.
it follows from Theorem 5 that the infinite series on the right side of (15) converges in the formal power series ring S[[q]]. Let f (q) = ∞ n=0 a n q n and
Similarly,
Limits of solutions of the functional equation for quantum multiplication
The main result (Theorem 18) in this section states that if F = {f n (q)} ∞ n=1 is a solution of the functional equation (1) with supp(F ) = S(P ) for a nonempty set P of prime numbers, and if f p (0) = 1 for all p ∈ P, then there exists a formal power series F (q) such that
For example, the sequence F = {[n] q } ∞ n=1 has support supp(F ) = N = S(P ), where P is the set of all primes, and lim n→∞ [n] q = (1 − q) −1 .
be a sequence of polynomials that satisfies the functional equation
be a sequence of positive integers such that a i ≥ 2 for infinitely many i. Let n 0 = 1 and
In particular, if a i = a ≥ 2 for all i, then there exists a formal power series
Proof. We shall show by induction that
for all k ≥ 1. The functional equation implies that
and so formula (18) holds for k = 1, 2, 3. If (18) holds for k, then
This completes the induction. Since f ai (0) = 1 for all i ≥ 1, it follows that f n k (0) = 1 and v(f n k (q)−1) ≥ 1 for all k ≥ 1. By Theorem 6,
Since lim k→∞ n k = ∞, Theorem 8 implies the convergence of the infinite product (16). This immediately implies (17).
It follows from Theorem 14 that
. This completes the proof.
If supp(F ) = S(P ) for some nonempty finite set P of prime numbers, and if f p (0) = 1 for all p ∈ P, then there exists a formal power series F (q) such that
Proof. Since f p (0) = 1 for all p ∈ P, it follows that f m (0) = 1, v(f m ) = 0, and v(f m − 1) ≥ 1 for all m ∈ S(P ).
By Theorem 15, there exists a formal power series F (q) such that
Since the set P is finite, for every integer N there exists an integer
Let n 0 = n 0 (N ) = p∈P p k0−1 . If n > n 0 and n ∈ S(P ), then n = p k0 m for some p ∈ P and m ∈ S(P ). Moreover,
It follows that
This completes the proof of (19).
If supp(F ) = S(P ), where P is an infinite set of prime numbers, and if f p (0) = 1 for all p ∈ P, then there exists a formal power series F P (q) such that
Proof. If p 1 and p 2 are prime numbers in P such that p 1 ≥ N and p 2 ≥ N, then
and, by Theorem 2,
Therefore, lim
and Theorem 3 implies the existence of the limit (20). This completes the proof.
Theorem 18 Let F = {f n (q)} ∞ n=1 be a sequence of polynomials that satisfies the functional equation
Let supp(F ) = S(P ), where P is a nonempty set of prime numbers. If f p (0) = 1 for all p ∈ P, then there exists a formal power series F (q) such that
Proof. If P is finite, then the result is Theorem 16. Suppose that P is an infinite set of prime numbers. Let N be a positive integer. By Theorem 17, there is a formal power series F P (q) such that
and so there exists a prime number
If n = pm ∈ S(P ), where p ∈ P and p ≥ p 0 , then
By Theorem 15, there is a formal power series F (q) such that
for all p ∈ P. There exists an integer
for all k ≥ k 0 and p ∈ P with p < p 0 .
If n = p k m ∈ S(P ), where k ≥ k 0 and p ∈ P with p < p 0 , then
Let p 1 and p 2 be prime numbers in P such that p 1 < p 0 ≤ p 2 , and let
This holds for all N , and so
Let n 0 = p<p0 p∈P p k0−1 = n 0 (N ) and let n ∈ S(P ) with n ≥ n 0 . If p divides n for some prime
If every prime factor of n is less than p 0 , then n is an integer of the form n = p<p0 p∈P p ap , where a p ∈ N 0 for all p ∈ P . Since n ≥ n 0 , it follows that a p ≥ k 0 for some p, and so v(F − f n ) ≥ N. Therefore,
Let F = {f n (q)} ∞ n=1 be a sequence of polynomials satisfying the functional equation (1) . We assume that supp(F ) = S(P ), where P is a nonempty set of prime numbers, and f p (0) = 1 for all p ∈ P. By Theorem 18, there exists a formal power series F (q) such that
f n (q).
Problem 4 Which formal power series are limits of solutions of the functional equation (1)?
Problem 5 To what extent is it possible to reconstruct the sequence F from the formal power series F (q)? If F (q) is the limit of a solution of the functional equation (1) , determine all solutions F of (1) whose limit is F (q).
be a solution of the functional equation (1) with support S(P G ) and with limit
We observe that if P is a nonempty subset of P G , then we can construct another solution F = {f n (q)} ∞ n=1 of (1) by restriction of G to the subsemigroup S(P ) of S(P G ) as follows:
Since
it follows that F (q) does not uniquely determine F . The suggests the following definition. A solution F = {f n (q)} ∞ n=1 of the functional equation (1) will be called maximal if F cannot be constructed from another solution G of the functional equation by restriction to a subsemigroup of supp(G). (1) is contained in at least one maximal solution.
Theorem 19 Every solution of the functional equation
be a solution of (1) with supp(F ) = S(P ). Let X be the set of all pairs (G, P G ) such that (i) P G is a set of prime numbers and P ⊆ P G , (ii) G is a solution of the functional equation (1) with support S(P G ), ( iii) The restriction of G to S(P ) is F .
The set X is partially ordered as follows: (G, P G ) (H, P H ) if P G ⊆ P H and the restriction of H to S(P G ) is G. Every chain in X has an upper bound, and so, by Zorn's Lemma, the set X contains a maximal element (H, P H ). Then H is a maximal solution of the functional equation (1) that restricts to F .
Problem 6
Describe the maximal solutions of the functional equation (1) . For which sets P of prime numbers does there exist a maximal solution F of (1) with supp(F ) = S(P )?
A functional equation for formal power series
We shall prove that the functional equation f (q)F (q m ) = F (q) has a unique solution not only for polynomials f (q) but also for formal power series f (q) with constant term 1.
Theorem 20 Let m be a positive integer. For every formal power series f (q) with constant term f (0) = 1, there exists a unique formal power series
This proves that the formal power series (22) is a solution of (23). Conversely, let F (q) be a formal power series that is a solution of (23). We shall prove that
for every positive integer k. From the functional equation (23), we obtain
).
This proves (24) for k = 1 and 2. If (24) holds for some integer k ≥ 2, then This completes the proof.
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